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SUMMARY 

Nonl inear equat ions o f  mot ion o f  synmet r ica l  l y  1 aminated an iso t rop i c  

p l a t e s  are  der ived  account ing f o r  von Karman s t r a i n s .  

verse shear i s  inc luded i n  the  fo rmula t ion  and t h e  r o t a t o r y  i n e r t i a  e f f e c t  

i s  neglected. 

equat ion i s  obtained. The d i r e c t  equiva lent  l i n e a r i z a t i o n  method i s  em- 

ployed f o r  s o l u t i o n  of t h i s  equation. 

o f  moderately t h i c k  composite panels i s  s tud ied.  

t ransverse  shear on l a r g e  d e f l e c t i o n  v i b r a t i o n  o f  l a n i n a t e s  under random 

e x c i t a t i o n  are studied. Mean-square d e f l e c t i o n s  and mean-square i n p l  ane 

s t resses  are  obta ined f o r  some synmetric graphi te-epoxy 1 aninates.  

e q u i l i b r i u n  equations, and t h e  c o n t i n u i t y  requirements, t h e  mean-square 

t ransverse  shear s t resses  are  ca lcu lated.  The r e s u l t s  ob ta ined w i  11 be 

useful i n  the  sonic f a t i g u e  design o f  composite a i r c r a f t  panels. 

s i s  i s  presented i n  d e t a i l  f o r  simply supported p l a t e s .  

t i o n s  f o r  a c lanped case are g iven i n  t h e  appendix. 

The e f f e c t  o f  t rans-  

Using a single-mode Ga lerk in  procedure t h e  non l i nea r  modal 

The response t o  acous t ic  e x c i t a t i o n  

Fur ther ,  t h e  e f f e c t s  of  

Using 

The analy- 

The analogous equa- 

INTRODUCTION 

A c o u s t i c a l l y  induced f a t i g u e  f a i l u r e s  i n  a i r c r a f t  s t r u c t u r e s  have been 

a des ign cons ide ra t i on  f o r  t he  past  t h ree  decades. Wi th  t h e  advent o f  t h e  

j e t  engine which produced h igh  i n t e n s i t y  acoust ic  pressure f l u c t u a t i o n s  on 

a i r c r a f t  surfaces, t h e  problem acquired prominence. 

f a t i g u e  f a i l u r e s  have r e s u l t e d  i n  unacceptable maintenance and inspec t i on  

burdens associated w i t h  t h e  operat ion o f  a i r c r a f t .  

design methods are needed t o  determine the  acoust ic  f a t i g u e  l i f e  o f  s t ruc -  

t u res .  Numerous a n a l y t i c a l  s tud ies  Refs. 1-13 and exper imental  i nves t i ga -  

t i o n s  Refs. 7, 14-22 on sonic fat igue design o f  a i r c r a f t  s t r u c t u r e s  have 

The nunber o f  acous t ic  

Therefore, accurate 
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been undertaken during the past decade t o  help in p r o v i d i n g  the needed i n -  

f orrll a t  i on. 

The majority of analytical s tud ie s  on f l a t  panels t o  date have been 

formulated w i t h i n  the framework of linear or classical  plate theory which 

assunes small deflections. Current analytical design methods Refs. 7, 9, 

1 2 ,  13 for sonic fatigue prevention are based essent ia l ly  on linear struc- 

tural  theory. 

l i t e ra ture ,  Refs. 7, 13-17, 19-22 however, have shown that  h i g h  noise levels 

produce nonlinear 1 arge deflection behavior i n  such panels. 

analytical e f for t s  Refs. 1-3, 5, 6, 8, 16 have demonstrated t h a t  the 

prediction of panel random response i s  greatly improved by including the 

large deflection effects  i n  the fo rmula t ion .  I n  a l l  these e f for t s ,  b o t h  

analytical and experimental, the thickness of panel i s  very small as 

compared w i t h  i t s  length ( a / h  > 100). 

moderately t h i c k  composite structural panels has n o t  been investigated. 

Further, the effects  of  transverse shear on large deflection vibrations of 

laninates under random excitation have also n o t  been studied. 

Test resul ts  on various a i r c ra f t  panels reported i n  tne 

Recently, 

The effect  of acoustic excitation on 

- c' ! jsc,?ca'  theory Sf p l a t e s ,  I!? *h?Ch i t .  il; asl;g?& t h a t  n n - m - 1 . -  i iut xia i ; t~ 

the midplane before deformation remain s t ra ight  and normal t o  the plane 

af ter  deformation, under predicts deflections and over predicts natural 

frequencies and buckling loads. Such resu l t s  are due t o  the neglect of 

transverse shear s t ra ins  i n  the classical plate theory. The errors i n  de- 

f lect ions,  s t resses ,  natural frequencies and Duck1 i n g  loads are even higher 

for pl ates made of advanced composites 1 i ke graphite-epoxy and boron-epoxy, 

whose e l a s t i c  modulus t o  shear modulus r a t io s  are very large (e.g. ,  of the 

order  o f  25 t o  40, i ns tead of 2.6 f o r  typical isotrop'c m t e r i a l s ) .  These 

h i g h  r a t io s  render classical  theories inadequate for the analysis o f  compos- 

i t e  plates.  Many plate theories exist t h a t  account for transverse shear 
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s t r a i n s  Refs. 23-34. 

extended t o  i nc lude  t h e  shear and r o t a t o r y  i n e r t i a  e f f e c t s  by  Sathyanoorthy 

and Chia f o r  non l i nea r  f r e e  v i b r a t i o n s  o f  a n i s o t r o p i c  rec tangu la r  (Ref. 35) 

and Skew (Ref. 36) p la tes .  

t o  g e n e r a l l y  1 aninated a n i s o t r o p i c  t h i c k  p la tes ,  Ref .37. 

Recently, t h e  dynanic von Karman p l a t e  t h e o r y  has been 

Sivakumaran and Chia have extended t h i s  approach 

I n  t h i s  repo r t ,  t h e  equat ions o f  mot ion are der ived from p l a t e  t h e o r y  

which takes Von Karman l a r g e  d e f l e c t i o n  s t r a i n - d i s p l  acement r e l a t i o n s  i n t o  

account. The t ransverse shear deformation e f f e c t s  are i nc luded  and t h e  

r o t a t o r y  i n e r t i a  e f f e c t s  are neglected. 

simp1 if i e d  t o  t w o  coupled nonl  inear  d i f f e r e n t i  a1 equat ions i n  terms o f  

t ransve rse  displacement and a s t ress  func t i on .  

t h e  problem, t h e  study i s  r e s t r i c t e d  t o  a single-mode response. A d e f l e c -  

t i o n  f u n c t i o n  t h a t  represents  the  f i rs t  mode i s  assuned; and corresponding 

t o  the  assumed mode, a s t ress  function s a t i s f y i n g  t h e  d i f f e r e n t  i np lane  edge 

boundary c o n d i t i o n s  i s  obtained by  so lv ing t h e  c o m p a t i b i l i t y  equation. 

Ga le rk in  method i s  app l i ed  t o  the governing equat ion o f  mot ion i n  t h e  t r a n s -  

verse d i r e c t i o n  us ing t h e  assuned displacement f u n c t i o n  as t h e  weight ing 

func t ion .  This y i e l d s  a nonl inear ,  nonhomogeneous, second-order d i f f e r e n -  

t i a l  equat ion o f  t h e  response i n  t i m e .  

t ransverse shear deformat ion e f f e c t s  are assuned and t h e  c o e f f i c i e n t s  are 

evaluated by Galerk ins approximation. F i n a l l y ,  t h e  random responses from 

cases based on f o u r  formulat ions a t  var ious acoust ic  loadings are evaluated 

f o r  s imply  supported rec tangu la r  synmetr ical  1 m i n a t e s .  

f o rmu la t i ons  are: 1) l i n e a r ,  small d e f l e c t i o n  p l a t e  theo ry  wi thout  t r a n s -  

verse shear deformation, 2) l i n e a r  theory w i t h  shear, 3) l a r g e  d e f l e c t i o n  

wi thout  shear and 4) l a r g e  d e f l e c t i o n  w i t h  shear. 

t o  be s t a t i o n a r y ,  ergodic and Gaussian w i th  zero mean; i t s  magnitude and 

phase are uniform over the  p l a t e  surface. 

The system o f  equat ions i s  then 

Due t o  t h e  complex na tu re  o f  

The 

Slope f u n c t i o n s  t h a t  i nc lude  t h e  

The f o u r  cases o f  

The e x c i t a t i o n  i s  assuned 
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The equ iva len t  l i n e a r i z a t i o n  method i s  employed. Root-mean-square (RMS) 

d e f l e c t i o n s ,  RMS i n p l  ane s t resses and frequencies are ca l cu la ted .  Using 

three-dimensional e q u i l i b r i m  equat ions and t h e  c o n t i n u i t y  requirements, t h e  

RMS t ransve rse  shear s t resses i n  t h e  l a n i n a t e  are estimated. 

EQUATIONS OF MOTION 

Consider an i n i t i a l l y  f l a t ,  rectangular ,  e l a s t i c  p l a t e  o f  constant  

t n i ckness  h i n  t h e  z -d i rec t i on ,  l e n g t h  a i n  t h e  x - d i r e c t i o n  and w i d t h  b 

i n  t h e  y-d i rect ion,  see Fig.  1. The reference plane z=O i s  l oca ted  a t  t h e  

undeformed middle p l  ane. 

The displacement components t h a t  i nc lude  t h e  e f f e c t s  o f  t ransve rse  

shear deformation are assumed i n  t h e  form (Ref. 38): 

i n  which U, V and W are t h e  inp lane and t ransverse displacements i n  X,Y 

and z d i rec t i ons ,  r e s p e c t i v e l y ,  u, v and w are  t h e  values of U, V, W 

a t  t he  midsurface o f  t h e  reference plane, and a,8 

t h e  xz and yz planes due t o  bending only .  These a re  averaged components 

o f  d i r e c t i o n  change o f  t h e  normal t o  t h e  undeformed middle surface. 

t o t a l  s t r a i n s  f o r  t h e  l a n i n a t e d  p l a t e  can be expressed as 

are s lope f u n c t i o n s  i n  

The 
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E = c o + Z a ,  
x x  X 

0 
E = E Y  + zB,y Y 

E = E 0 + z ( a  + p S x )  
X Y  X Y  ’Y 

E = o  
z 

E = a + w ,  xz X 

e = B + w ,  
YZ Y 

where E E and E are the engineer ing shear s t r a i n s .  
xy’ xz Y Z  

The von Karman 1 arge d e f l e c t i o n  s t ra in-d isp lacement  r e l a t i o n s  a re  g iven 

by 

1 2  

2 
Eo = u,x + - w,x 

X 

1 2  

2 
Eo = v’y + - w,x 

Y 

0 

’Y EXy= u s y  + V S x  + W S x  w 

( 3 )  

As i n  t h e  c l a s s i c a l  p l a t e  theory,  s t ress r e s u l t a n t s  and s t r e s s  couples a r e  

de f i ned  as 

5 



uYz 

O x  z 

w i t h  

[N]  = ,  

h/2 (u u )dz ( Q y ’  Qx) = J-h/2 yz’  xz  

N 

N 

E 

E 
Q45 4 5 5  X Z  (5) 

where a ’ s  are the  transformed reduced s t i f f n e s s .  .Thus f o r  symmetrical 

1 ani nates 

where 
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and elements o f  laminate st i f fnesses Aij and Dij  a re  def ined as 

- 
(Aij, D . . )  = J-:;: (1 ,z2)  Qij dz ( i , j = 1 , 2 , 6 )  'J 

and 

( i  , j=4,5)  

P a r t i a l  inversion o f  equation (6 )  and inver ted  form o f  equation ( 7 )  can be 

written as 

and 
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where 

[A* ]  = [A]-' 

The p l a t e  equations are obta ined by consider ing t h e  e q u i l i b r i u n  o f  an 

element o f  t h e  k t h  l a y e r  o f  t h e  l a n i n a t e .  I n t e g r a t i n g  t h e  e q u i l i b r i u n  

r e l a t i o n s  over the p l a t e  th ickness n e g l e c t i n g  inp lane i n e r t i a  terms and 

r e t a i n i n g  t h e  nonl inear terms i n  accordance w i t h  t h e  Von Karman assunptions, 

leads t o  the  fo l l ow ing  equat ions o f  mot ion 

h, 

N + N  = o  
x,x XY,Y 

N + N  
XY,X Y,Y 

= o  

M 
X Y  S Y  

- 
- Qx 

XY,X 
M + M  

Y ,Y 
- 
- QY 

Expanding equation (11) and i n t r o d u c i n g  a t r a c i n g  constant 

w r i t e  
TS, we can 



i n  which T, takes the  value o f  e i t h e r  1 or 0. If t ransverse shear 

deformation effects are  neglected T, = 0 and equations (17)  and (18 )  

reduce t o  

and B = - w ,  (19) Y 
a = -w,, 

Using equations (14) and (15)  and making use o f  c o n s t i t u t i v e  r e l a t i o n s  given 

i n  equations ( l o ) ,  equations (17) and (18 )  can be shown t o  be 

B + W, Y = b7a9,, + baasxy + bga,yy + bioB,,, + biiB,,y + b12f3,yy (21) 

where t h e  c o e f f i c i e n t s  bi are defined as 

b2 = Ts (2 Ass* D i6  + A45* fD12 + 0 6 6 ) )  

9 



bs = Ts (h5* 066 + h 4 *  

bl0 = Ts (h5* D l 6  h 4 *  

bll = Ts  ( 4 5 "  (D12 + D66 

b12 = Ts ( 4 5 *  026 + h 4 *  

Equations (20) and (21 )  can be w r i t t e n  as 

w , ~  + J ( a )  + K ( R )  = 0 

+ L(a) + M ( B )  = 0 
w'Y 

where J,K,L and M are the  operators  de f ined as 



a2 a2 a2 
b 7 -  - b 8 - -  b9 - 

a x2 axay aY 
L = -  

Solv ing equat ions (23) and (24) we ge t  

where t h e  operator  N = KL - MJ can be shown t o  be  

a4 + k, --t t k4 - N = k, - t k2 .- t k, -- a4 a4 a4 a4 

a x4 ax3ay ax2ay2 axay3 aY4 

w i t h  c o e f f i c i e n t s  ki de f ined as 

k i  = br, b7 - b i  b i o  

11 



k5 = b6 bq - b3 b12 

Using equat ions (14 )  and (15) and the  r e l a t i o n s h i p s  g iven i n  equat ions ( 6 )  

and (8 )  we can ge t  

where 

12 



using equat ion (31) and t h e  r e 1  

can get  

t i onsh ips  g i ven  i n  equat ions ( 

N, w,,, + N w, + 2 N  w, = +(F,w) Y YY XY XY 

) and ( 8 ) ,  we 

S u b s t i t u t i n g  equations (29) and (32), equat ion o f  t ransverse mot ion as g i ven  

i n  equat ion (16) can be rearranged t o  be 

I, + I, + I, = 0 (33) 

where 

.. 
1 1  = p ( t )  - p h w 

By making use o f  t h e  operators  defined i n  equat ions (25) and (26), a and B 

can be e l im ina ted  from equat ion (33) and can be w r i t t e n  as 

where N i s  t h e  operator as def ined i n  equat ion (27) and 

13 



a6 a6 

a x a p  
+ '6 + P, - + P4 -- + P3 - a6 

a ~ 4 a y 2  ax3ay3  ax2ay4 

a6 

a6 

aY6 
+ P, -- 

where Pi are defined as 

p1 = b7 016 - b l 0  D11  

J 



Thus t h e  equat ion o f  motion i n  t h e  t ransverse d i r e c t i o n  as shown i n  

Eq. (35) can be expressed i n  terms of out -of -p lane d e f l e c t i o n  w, t h e  

s t ress  f u n c t i o n  F and t h e  operators N and U1. Note t h a t  w i t h  t r a c i n g  

constant  Ts = 0, t h e  bi, ki, and Pi a re  zero, then t h e  operators  N 

and U, reduce t o  

The c o m p a t i b l i t y  equat ion i s  der ived from equat ion (3) and can be w r i t t e n  

as 

W = o  0 2 - w, xy + w’xx ’yy 
€ O  + e o  - € 

X,YY Y,XX XY,XY (38) 



MaKing use o f  equations (10) and (31), one can w r i t e  Eq. (38) as 

2 -  
xy  w,xx w'yy A l l *  LYYYY = w ,  (39) 

Equations (35) and (39) are t h e  governing equat ions which w i l l  be solved b y  

employing Ga lerk in 's  approach and equ iva len t  1 i n e a r i z a t i o n  method. 

DEVELOPMENT OF SOLUTIONS 

Modal Equation 

Consider a simply supportedt, rec tangu lar ,  synmetr ic composite p l a t e  o f  

dimensions 

The ou t -o f -p l  ane boundary cond i t i ons t  are 

a x b x h w i t h  the  o r i g i n  loca ted  a t  t h e  center  o f  t h e  p l a t e .  

x = *  a12 : w = M x = 8 = 0  

y = ?  b/2 : w = M y = a = O  

For the  inp lane cond i t i on  o f  zero shear s t resses a t  t h e  edges, t h e  

d e f l e c t i o n  funct ion i s  assuned as 

w(x,y,t) = q ( t ) h  cos - =Y =x cos - 
a b 

The slope func t ions  a and 8 are assumed as 

tTne analogous equations f o r  clamped case are shown i n  appendix. 

16 
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T X  nY a(x,y,t) = 6, q ( t )  s i n  - cos - 
a b 

B(x,y,t) = B2 q ( t )  cos - T X  s i n  - r Y  
a b 

(43) 

where t h e  constants  81 and B2 w i l l  be evaluated l a t e r .  S u b s t i t u t i n g  

equat ion (41) i n  equat ion (39) and so l v ing  it, t h e  s t r e s s  f u n c i t o n  F i s  

obtained as 

F = F  + F  
C P  

i n  which t h e  p a r t i c u l a r  s o l u t i o n  i s  given as (Ref. 6 )  

Fp - - - q2 h2 r2 ( F l o  COS -- 2r x + FO1 C O S  -) 2TY 
32 a b 

where 

r = a l b  1 
F o l  = -- - 1 F1, - -- 

A*22 AI 1*r4 

(44 1 

(45) 

The complementary s o l u t i o n  

i n p l  ane boundary cond i t ions .  

cond i t i ons  are 

Fc w i l l  now be obta ined such t h a t  i t  s a t i s f i e s  

For movable edges, t h e  i n p l  ane boundary 

c 

17 



By using the above condi t ions,  i t  can be shown t h a t  Fc i s  zero f o r  movable 

inp lane edges. For imnovable edges, t h e  i np lane  boundary c o n d i t i o n s  o f  zero 

shear s t resses and zero normal displacement a t  t h e  f o u r  edges a re  

1 2  
x = *a12 : F,xy = f (E' - - w , ~ )  dxdy = 0 

x 2  

The complementary s o l u t i o n  i s  assumed as 

- 
(49) + - y 2  N x - +  N Xy 

X Y  2 

NX Upon using Eqs. (10) and (41) and en fo rc ing  t h e  c o n d i t i o n s  o f  Eq. (48), 
- 

i n  Eq. (49) are obtained as 
N X Y  

. 

18 



- 
Nxy = 0 

has been obtained and g iven i n  equat ion ( 4 5 ) .  
FP The p a r t  i c u l  a r  so l  u t  i o n  

The t o t a l  s t ress  func t ion ,  therefore,  i s  F = Fp + Fc f o r  immovabl e i npl  ane 

edge cond i t ions .  With the  assuned d e f l e c t i o n  w g iven by equat ion (41) and 

t h e  s t ress  f u n c t i o n  F g iven by Eq. ( 4 4 ) ,  Eq. (35)  i s  then s a t i s f i e d  by 

apply ing a modif ied Ga lerk in 's  method: 

b 12 
(Mx) x=a/2 x=a/2 dY 

-b/2 
+ /  

dx 
+ !  (My) y=-b/2 ('I y=-b/2 -a/2 

a12 

which y i e l d s  a modal equat ion of t 

.. q + u; q + x 43  = p(t) 
m 

('I y=b/2 dx = 0 

le form 

19 



wi th  

n 6  - p1 (-) 
a 

x 

P x n4h 

1 6 ~  b4 
( F l O  + F o 1 )  

n4h / b 2 *  - 2A12* r2 + A l l *  r"\ 

8pa4 \ All* A22* - A12*2 7 

(54)  

(55)  

and m i s  the  modal mass, i t  i s  given by 

2 
+ k6 (I) 

n 4  

a - k5 
p h 2 n 2  4 2 2 

m = - [l - kl (K) - k3 (I) (5) 
16 a a b 

2 
+ k8 (3 3 

b (57 1 

Note t h a t  with TS = 0, ki and Pi are zero and Eqs. (53) and ( 5 7 )  

reduce t o  
c 



ph*$ 

16 
m =  (59) 

where w i s  l i n e a r  r a d i a n  frequency, A i s  n o n l i n e a r i t y  c o e f f i c i e n t ,  

i s  an a d d i t i o n  t o  the  n o n l i n e a r i t y  c o e f f i c i e n t  due t o  immovable inp lane edge 
0 P 

c o n d i t i o n s  and m i s  t h e  modal mass. For movable i np lane  edge c o n d i t i o n s  

a = 0. For l i n e a r  small d e f l e c t i o n  theory,  X = 0. 

sents a single-mode, undanped, 1 arge amp1 i t u d e  modal 
C 

verse shear e f f e c t s  taken i n t o  account ( T S = l ) .  This 

Equation (52) repre-  

equat ion w i th  t rans -  

non l i nea r  modal equa- 

t i o n  w i l l  be solved by employing the method o f  equ iva len t  l i n e a r i z a t i o n .  

Random Response 

It i s  known t h a t  danping has s i g n i f i c a n t  e f f e c t s  on t h e  response o f  

s t r u c t u r e s .  

o f  a s t r u c t u r e  should be emphasized. 

Therefore, t h e  p rec i se  determinat ion o f  t h e  damping c o e f f i c i e n t  

The values o f  danping r a t i o  

L 

composite panel used i n  a i r c r a f t  cons t ruc t i on  (Refs. 12, 20, 22).  Once t h e  

damping r a t i o  i s  determined from experiment o r  from e x i s t i n g  data, Eq. (52) 

(=c /cCr) g e n e r a l l y  range from 0.005 t o  0.05 f o r  t h e  common t y p e  o f  

can be expressed i n  a general form as 

a 2  P ( t )  q + 2s woq + woq + aq = -- 
m 

.. 

2 1  



The method o f  equiva lent  l i n e a r i z a t i o n  i s  used t o  o b t a i n  an approximate 

mean-square amplitude of Eq. (60).  

The bas ic  i dea  o f  t h e  equ iva len t  l i n e a r i z a t i o n  method (Refs. 39, 40) i s  

t h a t  the approximate response can be obtained from t h e  l i n e a r i z e d  equat ion 

.. P ( t )  
q + 2<w0q + n q = - 

m 

where n i s  an equ iva len t  l i n e a r  o r  nonl inear  frequency. The e r r o r  o f  

1 i n e a r i z a t i o n ,  a random process, i s  

G = (U'O - n 2 ) q  + xq3 

which i s  simply the  d i f f e r e n c e  between Eq. (60) and Eq. (61).  

(62) 

The method o f  

a t tack  i s  t o  minimize t h i s  e r r o r  i n  a su 

t o  minimize the mean-square e r r o r  E [ &  1, 2 

a 2 
E [ &  ] = 0 

t a b l e  way. The c l a s s  c a l  choice i s  

t h a t  i s  

I f  the  acoustic pressure e x c i t a t i o n  p ( t )  i s  s t a t i o n a r y  Gaussian, i s  

ergodic,  and has a zero mean, then t h e  approximate displacement q computed 

from t h e  l i n e a r i z e d  Eq. (61), i s  a lso Gaussian and approaches s t a t i o n a r i t y ;  

t h i s  r e s u l t  i s  due t o  t h e  f a c t  t h a t  t h e  panel mot ion i s  s tab le .  S u b s t i t u t -  

i n g  Eq. (62) i n t o  Eq. (63) and in terchanging t h e  o rde r  o f  d i f f e r e n t i a t i o n  

and expect a t  i on y i  e l  ds 

. 



which leads t o  t h e  r e l a t o n s h i p  between t h e  equ iva len t  l i n e a r  f requency and 

t h e  mean-square displacement as 

2 
where E[ q 

i t e  p l a t e .  

i s  t h e  mean-square maximun d e f l e c t i o n  o f  t h e  laminated compos- 

The mean-square response o f  the modal a n p l i t u d e  from Eq. (61) i s  

where S ( w )  

e x c i t a t i o n  p ( t ) .  The frequency response f u n c t i o n  H ( w )  i s  g i ven  b y  

i s  t he  pressure spect ra l  d e n s i t y  (PSD) f u n c t i o n  o f  t h e  

1 H ( w )  = 
2 2 

m(n - w t 2 i c w  u) 
0 

For l i g h t l y  damped ( 5  < .05) s t ructures,  t h e  frequency response curve w i l l  

be h i g h l y  peaked a t  t h e  equ iva len t  l i n e a r  frequency n ( n o t  a t  wo as i n  

the small  d e f l e c t i o n  l i n e a r  theory) ,  

s i m p l i f i e d  when t h e  spec t ra l  dens i t y  o f  t h e  e x c i t a t i o n  i s  s l o w l y  va ry ing  i n  

the  neighborhood of R, and S(n) can be t r e a t e d  as constant  i n  t h e  f r e -  

quency band surrounding t h i s  nonl inear resonance peak Q; t hen  Eq. (66) 

y i e l d s  

I n t e g r a t i o n  o f  Eq. (66) can be g r e a t l y  
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To convert the PSD function from (Pa)2/radian to (Pa)2/Hz, substitute 

n = 2lrf 

s(n) = So 
2ll 

into Eq. (68); then the mean-square deflection becomes 

2 2 
The PSD function S ( f )  has the units (Pa) /Hz or (psi) /Hz. 

Slope Functions 

In deriving the governing equations o f  motion, the slope functions a 

and B were eliminated as such, and for the determination of linear and 

nonlinear frequencies and the mean-square displacement, the slope functions 

need not be known. But for the determination of strains and stresses, slope 

functions a and B are to be known. The boundary conditions for a simply 

supported plate are given by Eq. (40). 

(42) and (43) satisfy the boundary conditions. The constants B1 and B2 

are determined by applying Galerkin method. 

and with slope functions a and R as the weighting functions, one can 

get: 

The slope functions given in Eqs. 

Using Eqs. (25), (26), and (41) 

c 
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I '  

!b/2 ,.a12 
[N(a) - M ( w , ~ )  + K (w,,)] a dxdy = 0 

-b/2 -a12 

From i n t e g r a t i n g  Eqs. (71) and (72), one can f i n d  t h a t  t h e  constants  

and 62 of t h e  s lope f u n c t i o n s  are found t o  be 

61 

Note t h a t  t h e  constants 61 and 62 depend on p l a t e  dimensions and t h e  

c o e f f i c i e n t s  bi and ki. With no t ransverse shear e f f e c t s ,  Ts = 0, t h e  

c o e f f i c i e n t s  bi and ki vanish and t h e  slope f u n c t i o n s  reduce t o  

h S X  =Y 
a = -w,, = f-) q s i n  - c o s  - 

a a b 

B = -w = (-) hn q cos S X  - s i n  - "Y 
b a b 'Y 

(75) 

(76) 
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It i s  obvious t h a t  t h e  expressions f o r  B, and B, g iven  i n  Eqs. (73) and 

(74) are cons is ten t  with no transverse shear c o n d i t i o n  g iven i n  Eqs. (75) 

and (76) .  

St ress and S t r a i n  Response 

The s t r a i n s  a t  any p o i n t  o f  t h e  l a n i n a t e  are g iven by equat ion ( 2 )  and 

by us ing t h e  c o n s t i t u t i v e  r e l a t i o n s h i p s  g iven i n  Eq. (10). One can w r i t e  

Eq. ( 2 )  as 

where z i s  th ickness coord inate.  Once t h e  str .a ins are known t h e  s t resses  

i n  k t h  l a y e r  can be determined from 

- 
where Qi j  are the  transformed reduced s t i f f n e s s e s  f o r  k t h  l a y e r .  

S u D s t i t u t i n g  f g r  s t ress  f u n c t i o n  F 2s g iven i n  Eq. (44) and s lope 

f u n c t i o n s  a and B as given i n  Eqs. (42) and (43), a general  expression 

f o r  s t r a i n s  a t  any p o i n t  i n  t h e  s t r u c t u r e . i s  g iven  as 



J 

where 

nY =Y 
1X a b 

C = z s, cos - cos - 

nx "Y 
1Y a b 

C = 2 s2 cos- cos - 

nx =Y C = z S3 s i n  - s i n  - 
1 X Y  a b 

wi th  

and 

= Aii*nx + A12*ny + Ai6*nxy 
c2x 

c2 Y = A12*nx + A22*ny + ! ~ 2 6 * ~ x y  

= Ai6*nx + A26*ny + A66*nxy 
X Y  

with 
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The mean-square s t r a i n  i s  then r e l a t e d  t o  mean-square modal ampli tude i n  a 

general expression as 

where E[ q2] i s  mean-square displacement o f  Eq. (70) .  By making use o f  Eq. 

(78) ,  an expression s i m i l a r  t o  Eq. (79) can be ob ta ined f o r  s t r e s s  a t  any 

p o i n t  i n  t h e  s t ruc tu re ,  as g iven by 

a 
X 

a 
Y 

T 
X Y  

where 



and 

It i s  obviob 

E2x 

E2Y 

2XY 
E 

t h a t  a 

- 

i m i  1 ar  r e  i t 

c2Y 

c2x c2xy I 
Eq. (84) can be em loyed f o r  

computing mean-square stresses. 

Transverse Shear Stresses 

The t ransverse shear s t resses can be obta ined e i t h e r  by  us ing  t h e  con- 

s t i t u t i v e  equat ions f (Eqs. (2) and (5 ) )  o r  by  i n t e g r a t i n g  e q u i l i b r i u n  equa- 

t i o n s  ( o f  three-dimensional  e l a s t i c i t y  i n  t h e  absence o f  body fo rces)  w i t h  

respect  t o  the  th ickness  coordinate.  Reddy (Ref. 33) f e l t  t h a t  t he  second 

approach no t  o n l y  g ives  s ingle-valued shear s t resses a t  t h e  i n t e r f a c e s  bu t  

y i e l d s  exce l l en t  r e s u l t s  f o r  a l l  theor ies  i n  comparison w i t h  t h e  th ree -  

dimensional  so lu t i ons .  

t h e  use of s t ress  e q u i l i w i u n  equations i n  t h e  ana lys i s  o f  laminated p l a t e s  

i s  q u i t e  cumbersome, t h e  i n t e g r a t i o n  o f  e q u i l i b r i u n  equat ions i s  used f o r  

Thus, i n t e g r a t i n g  t h e  t h e  de terminat ion  o f  shear stresses T~~ and T 

e q u i l i b r i u n  equat ions w i t h  respect  t o  the  th ickness  coord ina te  z y i e l d s  

In view o f  i t s  accuracy, i n s p i t e  o f  t h e  f a c t  t h a t  

Y Z '  

Z 
= - (a + T ) dz + f (x ,y)  

X Z  -h/2 x,x XY,Y 
T 



Using Eq. (77)  and the inplane stress-strain relationships given i n  E q .  

(78), Eqs. (88) and (89) can be written as 

nX nY nX - ( Q ~ ~  s1 + Q12 s2> sin - c o s  - + 416 ~3 c-s - sin ZJ q I -  
a b a b 

cos 21 q}) d z  + f ( x , y )  
b 

- 
a n X  

- - - z 
T = ! ( '{[(Q16 Al l*  + 426 A12* + ?66 - + (416  A12* 

yz -h/2 ax 
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- 
( 4 1 2  A12* + 

- anx + - { [ ( t i 2  A i l *  + 422  A12* + 4 2 6  - 
aY 

l l X  s i n  - cos "Y]ql) dz + g(x,y) 
a b 

- - 
where Qij = Qij (k )  bu t  f o r  b r e v i t y  t h e  s u p e r s c r i p t  k i s  om i t ted  i n  Eqs. 

and n are g iven (90) and (91) and he rea f te r .  Expressions f o r  nx 

i n  Eq. (83) and Si are def ined i n  Eq. (81) .  Equations (90) and (91) are 

i n t e g r a t e d  w i t h  respect  t o  t h e  th ickness coord inates z and rearranged t o  

g i v e  

' O Y  XY 
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wnere t h e  functions f (x ,y )  and g(x,y)  have t o  be determined from 

c o n t i n u i t y  considerations and 

D = 0 . 5 ~ ~  [ ( F 1 - F 2 )  s in  - = X  cos - =Y + ( F 3 - F 4 )  cos - *X s i n  "yl 
a b a b 1 X Z  

D = o . ~ z ~ [ ( F ~ - F ~ )  s in  nX cos !!x + (F,-F,) COS 2 s i n  IIYI] 
a b a b 1 YZ 
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~- I 

~ 

I .  

= [Ai j *J  

= [ A . . * ]  
1J 

(99) 

Equations (92)  and (93) provide general expressions for the transverse shear 

stresses a t  any location (x ,y ,z ) .  

interest is  i n  determining the mean-square T~~ and T 

Since the excitation i s  random and the 

Before the mean- 
Y 2' 
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square s t resses  a re  ca lcu la ted ,  t h e  func t i ons  f (x ,y )  and g(x,y) are t o  

be eval uated. 

The f o l l o w i n g  scheme exp la ins  the procedure f o r  eva lua t i ng  t h e  func- 

t i o n s  f(x,y) and g(x,y) for  a four layered symmetrical laminate  w i t h  t h e  

s tack ing  sequence o f  (0/90/90/0) , see F ig .  2. 

o n l y  two l a y e r s  are considered. Nmbers 1, 2,  3 r e f e r  t o  the  th i ckness  

coo rd ina te  z. Superscr ip ts  I ,  I1 r e f e r  t o  l a y e r  nunbers as w e l l  as l a n i n a  

ma te r ia l  p roper t i es .  Considering layer I and t h e  p o i n t  z ( l ) ,  one can g e t  

from Eq. (92) 

Because o f  t h e  symmet ry  

I I I 
q2 i- f b , Y )  1 -  

T X Z ( l )  - D l x z ( l ) q  + D2xz ( l )  

Now imposing the  c o n d i t i o n  t h a t  T =O on t o p  and bottom o f  t h e  laminate  

r e s u l t s  i n  
xz 

(I2+ f'(X,Yl 'xz(2) - D l x z ( 2 )  + D2xz(2) 
1 -  I I 

The s u b s t i t u t i o n  o f  Eq. (102) i n  Eq. (103) r e s u l t s  i n  

The c o n d i t i o n  t h a t  
T~~ = 0 a t  p o i n t  1 can be expressed as 
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I - 
‘XZ(  1) - G l x z ( 1 )  + G2xz(1)  q2 

with G l x z ( 1 )  - GZXZ(2) = 0. - 

Now Eq. (104)  can be written as 

- - I 
‘XZ(2) 

where 

- - 
G l x z ( 2 )  

% X Z (  2) 
- - 

Now considering 

G l x z ( 2 )  + GZXZ(2) q2 

I I 
D l x z ( 2 )  - D l x z ( 1 )  

I I 
D2xz(z )  - D 2 x z ( l )  

the same point 2, but in layer I 1  one can write 

‘ x z ( 2 )  1 1  - - D l x z ( 2 )  I 1  + D2xz(2)  I 1  q2 + f(ify) 

since continuity consideration requires thi s 

I I 1  - 
‘ x z ( 2 )  - ‘XZ(2) 

using Eqs. (106), (109)  and (110), one can show that 

1 1  
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Next cons ider ing  p o i n t  3 i n  l a y e r  11, one ge ts  

q2 -+ f K Y )  
11 - I 1  I 1  

‘xz(3) - D l x z ( 3 )  + D2xz(3) 

I 1  s u b s t i t u t i n g  f o r  f (x,y), Eq. ( 1 1 2 )  becomes 

11 - I1  I 1  
‘XZ(3) - ( D l x z ( 3 )  - D l x z ( 2 )  ’ G l x z ( 2 ) )  

- D  t G 1 q2 
I 1  

+ (D2xz(3) 2xz(2) 2xz(2) 

Equation (113) can be r e w r i t t e n  as 

11 - 
‘XZ(  3) - G1xz(3) + GPxz(3) q2 

Once t h e  constants Glxz, Gpxz are evaluated a t  PO n t s  1, 2, 3 etc. ,  along 

thickness, t h e  mean-square T~~ 

s i m i l a r  t o  Eq. (84) .  I n  s i m i l a r  manner t h e  func t i ons  g(x,y) i s  evaluated 

and t h e  constants G l y z ,  G p y z  are determined f o r  c a l c u l a t i n g  mean-square 

can be evaluated u i n g  an expression 

‘yz . 

NUMERICAL RESULTS AND DISCUSSION 

Numerical r e s u l t s  f o r  a symmetric c ross -p l y  p l a t e  are presented f i r s t .  

A f o u r - p l y  square l a n i n a t e  (12x12 in . )  w i t h  l a y e r s  o f  equal th ickness  and 

subjected t o  a un i fo rm random pressure i s  considered. The p l a t e  i s  s imp ly  

supported on a l l  f o u r  edges. For the e x m p l e s  presented, a r e p r e s e n t a t i v e  

high-modulus graphite-epoxy w i t h  t h e  fo l l ow ing  m a t e r i a l  p r o p e r t i e s  i s  used. 



E2 = 0 . 7 5 ~ 1 0 ~  p s i  

P = 2 . 4 ~ 1 0 - ~  1 b - ~ e c ~ / i n . ~  

Table 1 shows t h e  nondimensional f u n d m e n t a l  frequency W = 
0 

$/h)  ,//E. as a func t i on  o f  p l a t e  l e n g t h  t o  th i ckness  r a t i o  (a /h ) .  (. 0 

The l i n e a r  small  d e f l e c t i o n  p l a t e  theory w i t h  and w i thou t  t ransve rse  shear 

deformat ion i s  used. 

(Ref. 41) are a l so  g iven i n  Table 1 f o r  comparison. 

The Navier ser ies s o l u t i o n s  obtained by  Reddy and Phan 

It c l e a r l y  i n d i c a t e s  

t h a t  t h e  present method g ives good frequency p r e d i c t i o n s .  

Table 2 shows the  RMS nondirnensional maximun d e f l e c t i o n  Nmax, and RMS 
- 

nondimensional maximum s t r e s s  i n  the major m a t e r i a l  d i r e c t i o n  a l ,  versus 

p l a t e  l e n g t h  t o  th ickness r a t i o  f o r  t h e  sane c ross -p l y  laminate a t  130 dB 

(Ref. 2x10-5 N/$) sound spectrun leve l  (SSL) .  Stress yl i s  measured a t  

(O,O, h/2). 

TT = ( n a z / h ) , / X  versus p l a t e  length t o  th ickness r a t i o .  Exaninat ion o f  

Tables 2 and 3 revea ls  t h a t  f o r  moderately t h i c k  p l a t e s  (a/h<20) t h e  small 

Table 3 shows t h e  nondimensional equ iva len t  1 i nea r  frequency 

d e f l e c t i o n  theo ry  w i t h  shear deformation ( A  = 0 and Ts = 1) and f o r  t h i n  
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p l a t e s  (a/h>50) t h e  l a r g e  d e f l e c t i o n  theory  w i thout  shear deformat ion ( A  f 0 

and TS = 0) would g i ve  accurate p red ic t i ons  as i n d i c a t e d  by  agreement w i t h  

t h e  t h e o r y  i n c l u d i n g  bo th  non l i nea r  and shear e f f e c t s  ( A  f 0 and Ts = 1) on 

maximum def lec t ions ,  i n p l  ane stresses and equ iva len t  l i n e a r  o r  non l i nea r  

frequencies. 

g iven  i n  Tables 2 and 3 f o r  

shown p l o t t e d  against  a/h. 

This i s  c l e a r l y  ev ident  from Figs.  3 t o  5, where t h e  values 

RMS Tirnnax, RMS s t resses  and frequency 32 are 

The RMS nondirnensional t ransverse shear s t resses  Ti, and F5 are de- 

termined by i n t e g r a t i n g  t h r e e  dimensional e q u i l i b r i u n  equat ions as explained 

e a r l i e r .  7, i s  measured a t  (O,b/2,0) and F5 i s  measured a t  (a/2,0,0). 

Table 4 shows 7, and T5 values ca lcu la ted  f o r  d i f f e r e n t  a/h r a t i o s  a t  

130 dB SSL. F igure  6 shows t h e  transverse shear s t resses  a,, and across 

the  p l a t e  th ickness f o r  t h e  laminate under cons ide ra t i on  w i t h  a/h = 10 and 

a t  130 dB sound spectrum l e v e l .  It i s  ev iden t  f rom F ig .  6, t h a t  f o r  t h i c k  

laminates, t he  p l a t e  theory  w i thout  transverse shear over p r e d i c t s  t h e  RMS 

t ransverse  shear s t resses  compared t o  p l a t e  w i t h  shear deformation. 

- 

Figures 7, 8 and 9 show the  RMS (maximun d e f l e c t i o n / h ) ,  RMS maximum 
. .  . I respe.c::veiy, f.?..̂  ccrmal s t r e s s  and eqgiijalefi'; 1 jfiear-- ffequency R ,  I VI 

t h e  s imp ly  supported four - layer  c ross-p ly  square p l a t e  w i t h  a/h = 200 a t  

sound spectrum l e v e l  va ry ing  from 90 t o  130 dB ( r e f .  2 ~ l O - ~  N/m2). Resu l ts  

shown are using the  f o u r  fo rmula t ions  discussed e a r l i e r  and t h e r e  i s  no 

apprec iab le  d i f fe rence between the  r e s u l t s  us ing  t h e o r i e s  w i t h  and w i thout  

t ransverse  shear. The l i n e a r  and nonl inear s o l u t i o n s  agree a t  low values o f  

SSL, b u t  d isagree a t  h i g h  values. 

spectrun l e v e l s  l e s s  than 90 dB, t h e  small d e f l e c t i o n  assumption w i l l  g i v e  

good p r e d i c t i o n s  f o r  t h e  composite panels s t u d i e d  as t h e  l i n e a r  and 

non l i nea r  s o l u t i o n s  coalesce. A t  130 dB SSL, however, t h e  small d e f l e c t i o n  

For acous t ic  e x c i t a t i o n s  o f  sound 
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t h e o r y  p r e d i c t s  t h a t  t h e  p l a t e  would d e f l e c t  t o  a value o f  6.6 t imes  o f  

p l a t e  th ickness; whereas, t h e  l a r g e  d e f l e c t i o n  t h e o r y  ( w i t h  o r  w i thou t  

shear) g i ves  t h e  much smal ler  va lue o f  1.6h. 

reasonable, i n t u i t i v e l y .  S i m i l a r l y ,  f o r  t h e  RMS s t resses and equ iva len t  

l i n e a r  frequency, a t  h i g h  SSL values ( f o r  t h i n  l a n i n a t e s )  t h e  smal l  

d e f l e c t i o n  theo ry  over p r e d i c t s  t h e  RMS d e f l e c t i o n  and stresses, and under 

p r e d i c t s  t h e  frequency as compared w i th  1 arge d e f l e c t i o n  p l  a te theory.  

F i n a l l y ,  t h e  nondimensional i zed  fundanental f requencies Oo 

Th is  smal ler  va lue seems more 

f o r  a 

syrrmetrical angle-p ly  (e=+45)  square p l a t e  (12x l2 in . )  f o r  d i f f e r e n t  a/h 

r a t i o s  and nunber o f  l a y e r s  are shown i n  Table 5. The m a t e r i a l  i s  g raph i te -  

epoxy and t h e  m a t e r i a l  p r o p e r t i e s  are those t h a t  were g iven i n  Ref. 42. The 

nondimensional i z e d  f requencies compare ve ry  w e l l  w i t h  t h e  values g iven i n  

Ref. 42. 

SUMMARY AND CONCLUSIONS 

The main o b j e c t i v e  o f  t h i s  study i s  t o  p r e d i c t  mean-square i np lane  

s t resses  and t ransverse shear stresses t h a t  develop i n  synmetr ica l  composite 

laminates when they  are subjected t o  acoust ic e x c i t a t i o n .  

t h i c k  1 aninates, t h e  t ransverse shear e f fec ts  a re  considerable.  

repo r t ,  equat ions of motion are developed which i n c l u d e  geometric l a r g e  

ainpl i t u d e  non l i nea r  e f f e c t s  (von Karman theo ry ) .  

formation e f f e c t s  are included. 

a r e  e l i m i n a t e d  from the  equations o f  motion, which a re  expressed i n  terms o f  

s t ress  f u n c t i o n  F and displacement func t i on  w. 

considered as an extens ion o f  von Karman's non l i nea r  equat ions o f  p la tes .  

For moderately 

I n  t h i s  

The t ransve rse  shear de- 

By var ious operat ions,  t h e  s lope f u n c t i o n s  

These equat ions can be 
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I n  view o f  the complex i ty  o f  t h e  equations, a single-mode Ga le rk in  

procedure i s  employed t o  o b t a i n  a non l i nea r  modal ampli tude equat ion f o r  t h e  

fo rced  v i b r a t i o n  o f  p la te .  

ergodic and Gaussian w i t h  zero-mean. The equ iva len t  l i n e a r i z a t i o n  method i s  

employed. 

and angle-p ly  laminates found t o  be i n  good agreement w i t h  those t h a t  are 

a v a i l a b l e  i n  t h e  l i t e r a t u r e .  

stresses are calculated. 

and c o n t i n u i t y  considerat ions,  t h e  RMS t ransverse shear ing s t resses i n  t h e  

1 aminate are determined. 

The e x c i t a t i o n  i s  assunmed t o  be s t a t i o n a r y ,  

The fundanental f requencies t h a t  are obta ined f o r  b o t h  c ross -p l y  

Root-mean-square d e f l e c t i o n s  and RMS i np lane  

Using t h e  three-dimensional e q u i l  i b r i  un equat ions 

The e f fec ts  o f  t ransverse shear a re  considerable i f  t h e  p l a t e  l eng ths  

are l e s s  than 20 t imes t h e  th ickness (a/h<20). 

ignored i n  moderately t h i c k  and t h i c k  p l  ates and s m a l l - d e f l e c t i o n  theo ry  

w i t h  shear deformation would g i ve  accurate p r e d i c t i o n s  o f  maximum 

d e f l e c t i o n ,  frequency and i n p l  ane stresses. For t h i n  p l a t e s  (a/h>50), t h e  

l i n e a r  and nonl inear s o l u t i o n s  agree a t  low values o f  SSL, b u t  d isagree a t  

h igh  values. The s m a l l  d e f l e c t i o n  theo ry  over p r e d i c t s  t h e  RMS d e f l e c t i o n  

and stresses, and under p r e d i c t s  the  frequency as compared w i t h  l a r g e  

d e f l e c t i o n  p l a t e  theory.  

e f f e c t s  neglected would g i ve  accurate p r e d i c t i o n s  f o r  t h i n  panels a t  h i g h  

SSL values. For a p a r t i c u l a r  va lue o f  a/h, t he re fo re ,  one o f  t h e  t h r e e  

simpler t h e o r i e s  can be chosen t h a t  prov ides accuracy equal t o  t h e  more 

cunbersome theory t h a t  i nc ludes  Doth shear and l a r g e  d e f l e c t i o n  e f f e c t s .  

The p r e d i c t i o n  o f  t ransverse shearing s t resses i s  r e q u i r e d  for  

These e f f e c t s  should no t  be 

The l a r g e  d e f l e c t i o n  theo ry  w i t h  t ransve rse  shear 

understanding sonic f a t i g u e s  of composite l an ina tes ,  e s p e c i a l l y  t h e  unique 

i n t e r -  1 ami nar f a i  1 ures . 
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Table 1. Nondimensional Fundamental Frequency (o,a2/h) p/E, o f  a Simply 
Supported Four-Layer Cross-Ply Square P1 a te .  d- 

a No Shear Shear 
h 

Navi  er4 Present Navier4 Present 

Solut ion Result S o l u t i o n  Resul t  

5 

10 

20 

50 

100 

200 

400 

1000 

18.215 

18.652 

18.767 

18.799 

18.804 

- 

18.891 

18.891 

18.891 

18.891 

18.891 

18.891 

18.891 

18.891 

10.820 

15.083 

17.583 

18.590 

18.751 

- 

11.554 

15.662 

17.872 

18.715 

18.846 

18.880 

18.888 

18.890 
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Table 2. Nondimensional RMS Maximun D e f l e c t i o n  10(RMS w)E h3/(a'+,/- 
and RMS Maximun Stress (RMS ai) h2/(10a2.\T& o f  a Simply 
Supported Four-Layer Cross-Ply Square P l a t e  a t  130 dB Sound 
Spectrun Level .  

a Small Def lect ion Large D e f l e c t i o n  
Ti 

No Shear Shear No Shear Shear 

5 

10 

20 

50 

100 

200 

400 

1000 

5 

10 

20 

50 

100 

200 

400 

1000 

0.4026 

0.4026 

0.4026 

0.4026 

0.4026 

0.4026 

0.4026 

0.4026 

0.8009 

0.8009 

0.8009 

0.8009 

0.8009 

0.8009 

0.8009 

0.8009 

RMS Maximun Def lec t ion  

0.2471 

0.3478 

0.3873 

0.4001 

0.4019 

0.4024 

0.4025 

0.4026 

RMS Maximun Stress 

0.1521 

0.4467 

0.6780 

0.7789 

0.7953 

0.7995 

0.8005 

0.8008 

0.4026 

0.4026 

0.4026 

0.3993 

0.2810 

0.0973 

0.0293 

0.0059 

0.8009 

0.8009 

0.8008 

0.7951 

0.5923 

0.3284 

0.2788 

0.2739 

0.2471 

0.3478 

0.3873 

0.3968 

0.2806 

0.0972 

0.0293 

0.0059 

0.1521 

0.4467 

0.6780 

0.7732 

0.5885 

0.3280 

0.2788 

0.2739 
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Table 3. Nondimensional Equivalent Linear Frequency (n a 2 / h ) d F  of a 
Simply Supported Four-Layer Cross-Ply Square Plate  a t  136 dB Sound 
Spectrun Level. 

a Small Deflection Large Deflection -. li 
No Shear Shear No Shear Shear 

5 

10 

20 

50 

100 

200 

400 

1000 

18.891 

18.891 

18.891 

18.891 

18.891 

18.891 

18.891 

18.891 

11.554 

15.662 

17.872 

18.715 

18.846 

18.880 

18.888 

18.890 

18.891 

18.891 

18.900 

19.047 

27.063 

78.196 

259.463 

1287.297 

11.554 

15.662 

17.872 

18.870 

26.995 

78.146 

259.396 

1287.264 



TaDle 4. Nondimensional RMS Maximun Transverse Shear Stress 
(RMS T )h/lOa f-1 and (RMS T ,)h/lOa I'm) 
o f  a S%ply Supported Four-Layer Crost-Ply Square P la teoat  130 dB 
Sound Spectrun Level .  

-- _I 

a l h  Small Def lec t ion  Large D e f l e c t i o n  

No Shear Shear No Shear Shear 

YZ 

- 
RMS Maximum T (VI,) 

5 0.1906 0.0797 0.1906 0.0797 

10 0.1906 0.1459 0.1906 0.1459 

20 0.1906 0.1774 0.1906 0.1774 

50 0.1906 0.1883 0.1890 0.1868 

100 0.1906 0.1900 0.1330 0.1327 

200 0.1906 0.1905 0.0461 0.0460 

400 0.1906 0.1906 0.0139 0.0139 

1000 0.1906 0.1906 0.0028 0.0028 
RMS Maximum T~~ (vg) 

5 0.4954 0.0966 0.4954 0.0966 

10 0.4954 0.2786 0.4954 0.2786 

20 0.4954 0.4203 0.4953 0.4203 

50 0.4954 0.4819 0.4913 0.4779 

100 0.4954 0.4919 0.3458 0.3434 

200 0.4954 0.4945 0.1197 0.1195 

400 0.4954 0.4951 0.0361 0.0361 

1000 0.4954 0.4953 0.0073 0.0073 
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Table 5. Nondirnensional Fundamental Frequency ( w o a 2 / h ) d x  of a Simply 
Supported n-Layer angle-ply (8=+45)  square p ate. 

No Shear Shear 

a/h No. of Layers Ref. 42 Present Result Ref. 42 Present Result 
_ _ ~  ~~ ~~~~~ ~~ 

5 3 25.82 25.82 12.78 12.21 

10 3 25.82 25.82 19.38 18.89 

10 5 25.82 25.82 19.23 19.06 

10 7 25.82 25.82 19.19 19.12 

20 3 25.82 25.82 23.62 23.40 
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Fig. 6. Nondimensional RMS transverse shearing 

stresses of a simply supported four-layer 
cross-ply of a /h  = 10 at 130 dB sound 
spectrum level. 
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Fig. 7 .  RMS maximum def lect ion versus sound spect rum 
level  for a simp y supported four- layer  cross- 
ply square plate w i t h  a/h  = 200.  
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Fig. 8. RMS maximum stress versus sound spectrum 
level for a simply supported four-layer 
cross-ply square plate with a / h  = 200. 
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Fig. 9. Equivalent linear frequency versus sound 
spectrum level for a simply supported four- 
layer cross-ply square plate with a/h = 200. 
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AP PEN0 I X 

The boundary cond i t i ons  f o r  clamped p la te  are 

The d e f l e c t i o n  funct ion which s a t i s f y  t h e  boundary cond i t i ons  on a l l  f o u r  

edges i s  assuned as 

w = qok (1 + cos-) 2n x (1 + cos -) 2nY 
4 a b 

The s t ress  f u n c t i o n  i s  o f  t he  fo l l ow ing  form 

F = F c + F  
P 

i n  which the p a r t i c u l a r  s o l u t i o n  i s  

[c,, cos  x + c,1 cos Y 
q2 h2 r2  ---- F = -  

P 32 

+ c11 cos x cos Y + c 2 0  cos 2 x 

+ c 0 2  cos 2 Y + c 2 1  cos 2 x cos Y 

+ C12 cos X cos 2 Y + S,, s i n  X s i n  Y 
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+ S2, sin 2 X sin Y 

+ s i2  sin x sin 2 Y J  

where 

a b 

can be expressed in terms o f  the inverted 

o f  the panel 
and ' i j  

and the constants C i j  

extensional 1 aninate st i f fness  and length-to-width ratio,  

as 
r,  

C i o  = 1/A*22 

C20 = 1/(16 A*22) 

C02 '= 1/(16 A*l1 r4)  
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Gs = A*22 + (2A*12 + A*66) r2 + A * l l  r4 

66 = 2 ~ * 2 6  r + 2 ~ * 1 6  r3 ( A 6 1  

The complementary solution i s  o f  the sane form as given by Eq. (49) with 
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. 

3q2 h2m2 ( A l l *  - pd:2*) - 
- - 

Ny 32(A11* AZ2*-Al2*2) b2 

- 
Nxy = 0 

The modal ampli tude equat ion i s  o f  t h e  same form as t h a t  o f  Eq. (52 )  w i t h  

and the  modal mass m i s  g iven by 

9p h2 4 2 2 - k6(')2- k 8 ( p }  (A91 
a 

m = - { 1 - - [4k1(L)4 + 4 k3 (L) (i) 16 3 a 3 a 

The n o n l i n e a r i t y  c o e f f i c i e n t  i s  o f  t he  same form as g iven i n  Eq. (54)  w i t h  

I -  

6 3  



+(Cpo+C02) [ l - 1 6  k~(:)~ - 16k3(T)2(lL)2 - 1 6 k ~ ( Z ) ~  + 4k6(L)2 + 4ke(z)2] 
a a b  a a b 

+ - 1 C 2 i [  l - 16k1 (q4  - 8k3(?-)2(5)2 - 8k5(;)" + 4 k ~ ( ! - ) ~  + 2ke('L)2)] 
2 a a b  a b 

1 4 

2 a a b a b 
+ - C12[1-dkl(~) - 8k3(:)2(:)2 - 16k5(E))4 + 2k6(L)2 + 4k8(L)2) ]  

- 9n4h3 {(A2,* - A12*r2) (1-4[4k1(E)'+ 
128 m (Ai *A22*-A1 2*2 ) b4 r4 a x c  - 

+ 5 k3(L)2(5)2 + 5 kg(L)'+ - k6[!!42 - - 1 k8[~)2])+[Al1*r4-Al2*r2) 
3 a b  3 b  a 3 

w i t h  t ransverse shear e f f e c t s  neglected, i e  T S  = 0. The c o e f f i c i e n t s  k i ,  

P. are zero, Eqs. ( A 8 ) - ( A l l )  reduce t o  
1 

9p h2 m = -  
16 



Equations (A12) - (A15) are t h e  same as i n  Ref. 3. 

and 

The slope f u n c t i o n s  a 

fo r  t h e  c lanped case are assuned t o  be 

2n x 2TY 
a b 

B, q ( t )  s i n  - (1 + cos -) 

2TY 2nY B, q ( t )  (1 + cos -) s i n  - -  
a b 

w i t h  

- h n  - [1  -+ 4blo (L)2- - 4 (b5- b12) (L)'] 
2 a  a 3  b 

4 + 5 ks("_)2(?L)2 + 5 k5(;)4 - k6(!L)2 - 1 ks(!L)2]} 
a 

- 4 h(-) 
a 3 a 3 

4 - h~ (1 + 4 b3(L)2 - - (bs-bl) 
2b b 3 a 

B2 = (A191 
11 - 4 (4 k1(L))4 + 5 k3(L)23)2 + 4k5(L))4- - 1 k6(!L)2 - k s ( i ) 2 ] }  

3 a  3 a b  b 3 a  

The Si o f  Eq. (80) are de f ined as 
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2f 
b 

S2 = - 62 

n f 
S3 = -Z(- 61 + - 6 2 )  

b a 

The v i  of Eq. (82)  are defined as 

1 h m  
= - (-) (4s12 sin x sin 2 Y + sPl sin z x  sin Y + s,, sin x sin Y "' 8 b 

3h2n2 

3 2 ( A i l * A 2 2 *  - A12*2) 
+ c11 cos x cos Y + C O l  cos Y )  + 

1 h m  n = - (--) 
Y 8 a  

(s12 sin x s i n  2 Y + 6 2 1  sin 2 x sin Y + sll sin x sin Y 

+ c12 cosx cos2Y + 4 cp1 cos2x cos Y + 4 c20 cos2x + c11 cosx COSY 

+ C l O  cosx) i- 3h2n2 (""' - y) 32 ( A1 1 *A2 2 * -Ai  2 *2 ) b2 

11 = ( h m ) 2 ( 2 S 1 2  cos X cos 2 Y + sin 2X cos Y 
'y 8ab 
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+ S11 cos X cos Y + 2C12 s i n  X s i n  2Y + s i n  2X s i n  Y 

+ ~ 1 1  s i n  x s i n  Y >  

The analagons equat ions for Eqs. (94) - (97) are 

= 0 . 5 ~ ~  [ ( F I - F ~ )  s i n  X cos Y + (F3-F4) cos X s i n  Y + E l 0  s i n  X D1 xi! 

where 

67 



F4 = - 2n (Q16 '3) 

F5 = 2n - (Vi6 SI + q 2 6  s2) 

a 

a 

2n 
b 

F6 = - (q26 '3) 

F7 = - 2n (V12 Sl + q22 S2) 

b 

2n 

a 
F8 = - (q66 '3) 

2n 
a 

El0 = - (V11 S1) 

- - - 2n (n26 s2) 

E50 = - 2n (q16 sl) 

b 

a 

- 2n E70 - - (%2 '2) 
b 
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